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ON NEARLY RADIAL PRODUCT FUNCTIONS 


MICHAEL CHRIST 


Abstract. If ||/||/.2(]g<i) = 1 and if the function f{x)f{y) is close in norm to a radially 
symmetric function of (x, y) then / is close in norm to a centered Gaussian function. 
A quantitative form of this assertion is established. 


1. Statement of principal result 
It is well known that if / : C then the function 

{f®f){x,y) = f{x)f{y) 

with domain x is radially symmetric if and only if / is a radial complex Gaussian 
function, by which mean a function G : ^ C of the form 

G{x) = where c, 7 G C. 

In this note we establish a quantitative version of this uniqueness statement. 

Denote by 0 C the set of all square integrable complex radial Gaussian functions. 

By a radially symmetric function Lebesgue measurable function we mean one of the form 
/(x) = /i(|x|) almost everywhere. Denote by P : L^(R'^ x —>■ x the orthogonal 

projection onto the subspace of all radially symmetric functions. For f,g ^ 
denote by / G) gf € (R*^ x R*^) the function 

(1-1) {f ®9){x,y) = f{x)g{y). 

Then for nonzero functions f,g, ||P(/( 2 )g ()||2 < H/lblls'lb for all f,g€ L^(R'^), with equality 
if and only if / is a complex radial Gaussian and 5 is a scalar multiple of /, up to redefinition 
on sets of Lebesgue measure zero. 

X denotes the Hilbert space of all ordered pairs of functions {f,g) with both 
f,gG L^(R'^), with norm squared 

(1-2) Il(/,5)lli = ll/lli + ll5lli. 

Define 0^ C 0 x 0 C L^(R'^) x L^(R‘^) to be 

(1.3) 0"" = {(F, cF) : F G 0 and 0 ^ c G C}. 

We regard x as a Hilbert space with norm defined by ||(/, <7)11^ = ||/|P + lllllP, of 
which 0^ is a closed subspace. The distance squared in L^(R'^) x L^(R'^) from {f,g) to 0^ 
is defined by 

(1-4) dist((/, 5 ), 0'')2 = inf {\\f - FWl + \\g - cF\\l). 

(E,cF)e©^ 
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Theorem 1.1. For each d> 1 there exists Cd > 0 such that for all {f,g) € L^(]R'^) 
satisfying \\f \\2 = Hs-lb = 1, 

(1.5) ||P(/(8)5f)||2 < 1 - Cddist((/,5),6'^)^. 

There exists < oo such that whenever 0 ^ if,g) € L^(]R'^) x satisfy \\f\\2 = 

Il5l|2 = l, 

( 1 . 6 ) ||F(/<8)5)112 < 1 - 2 (^dist((/, 5),©^)2 + C'ddist((/, 5 ), 6 '')^. 

Other recent papers in which quantitative stability theorems in this spirit are proved, 
for other inequalities, include m. p], 0,0,0. 

The author is indebted to Jonathan Bennett for posing the question, and for valuable 
conversations and correspondence. 


2. Some notation 

The notation ||/|| with no subscript indicates the norm, over either or x 
and for functions taking values either in C or in C x C, with respect to Lebesgue measure. 

For r G R+, denote by ar the unique probability measure on S'r = {z € R'^ x R'^ : \z\ = r} 
that is invariant under rotations of R^'^ = R'^ x R‘<^. For 0 7^ 2 € R'^ x R'<^, 

(2.1) ^{f ^ g){z) = JJ f{x)g{y)da\^\{x,y). 

Let u!d G 1 ^^ denote the measure of the unit sphere in For each dimension d > 1 , 
for any Lebesgue measurable subsets A,Bc R"^ with finite measures, 

roo 

(2.2) \A\ ■ \B\ = \A X B\ = ujd ar{A x B) dr 

Jo 

and 

(2.3) 

poo 

(2.4) ||R(1a (8) 1b)|P = Wd / ar{A x Bf r‘^'^~^ dr. 

Jo 

For any E C R’*', let Ae = {2; G R'^ : \z\ G E}. Then 

(2.5) (P(1a (8) 1r), I^b) = / ar{A X B)r‘^'^~^ dr. 

Je 

For E C R"*" define 

(2.6) g{E) = \Ae\ = tvd [ r‘^‘^~^ dr. 

Je 

3. Preliminary lemmas 

The orthogonal projection P is a bounded linear operator, indeed a contraction, from 
L^(R'^) X L^(R'^) to L‘^{W^ X R'<^) A stronger form of boundedness will be proved in this 
section. For a = (01,02,03) G ( 0 ,oo)^ define 

A(ai,a2,a3) = min—. 

Oj 
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Lemma 3.1. There exists an exponent 7 € M'*' with the following property. Let d > 1. 
There exists C < 00 such that for any Lebesgue measurable sets A,B C and .A C x 
with positive, finite measures, if A is radially symmetric then 

(3.1) {F{1a 0 Is), 1 a) < CA(|A|, \B\, |Air/2)7 . \A\^A\B\y^\A\^/\ 

This will be a consequence of the next three lemmas. Since { f,g) f ® g is an isom¬ 
etry from X into L^, and P is a contraction on one has (P(1 a ® Is), 1 a) ^ 
|^|i/ 2 |^|i/ 2 |^|i /2 £qj. Lebesgue measurable sets A,BcW^ and A C R'^"''^. Lemma [3T] 
improves on this trivial bound, unless |A|, |i?| are comparable and |Al| is comparable to 
|A|.|B|. 


Lemma 3.2. 

(3.2) ar{A xB)< Cmin(l,r-'='|A|, 

Proof. ar{A x B) = a{r~^A x r~^B) where tE = {tx : x € E}. Since = r~‘^\E\ 

for E C R'^, it suffices to treat the case r = 1 . It also suffices to treat the case in which 
|A| < |i?|. Thus it suffices to show that o{A x R'^) < for any Lebesgue measurable 

set A C R'^ satisfying |A| < 1 . 

One has 

a{A X M.^) = cd [ (I - |x|2 )('^-2)/2 
J A 

This gives a{A x R*^) < for d = 1, and < for d > 2 . □ 


Lemma 3.3. Let d > 1. There exists Cd < 00 such that for any Lebesgue measurable sets 
A,BcM.'^ with positive, finite measures. 


(3.3) 


a, 


.{A X Bfr^’^-^dr < min(|A|/|.B|, \B\/\A\)^/^ ■ |A| • \B\. 


Proof. Assume without loss of generality that |A| < |i?|. Define p by 

/ = |A|3/5|i?|2/5. 

Then 

POO pp POO 

/ afiA X B f dr < dr + (r-'^|A|)^/V^(A x .B) 

Jo Jo jp 

POO 

< + p-^^^\A\^^^ / afiA X B) dr 

Jo 

<p^^ + p-^/M\^/^-\A\-\B\ 

= 2\Af/^\B\‘^/fi 


dr 


□ 


Lemma 3.4. For any dimension d > 1 there exists Cd < 00 such that for any Lebesgue 
measurable sets A,Bc R'^ and any radially symmetric Lebesgue measurable set C R'^ x 


(3.4) (P(1a (8) Is), 1a) < C'dmin 


\A\-\B\ Ml Y"' 

Ml ’M|.|b| 


|A|^/2|^|1/2|^|1/2_ 
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Proof. Let A = Ae where E C M'*'. Then |^| = n{E) where the measure fj, is as defined in 
(IlSl). We already know that 


[ ar{Ax dr < [ ar{A x B) r^'^-^r = ujf^\A\ ■ \B\ 

< C{\A\ ■ \B\^x{E)-^f/‘^ • \A\^/^\B\^/‘^niEf/"^. 

This provides a stronger upper bound than stated when /r(-E) > |^| • \B\. 

Assume without loss of generality that |A| < \B\. Set E~ = {r ^ E : r < and 

E+ = E\E-. 

[ ar{A X B) dr < C [ min(l, dr 

Je Je 

<C\A\^/^ [ r-'^/^r^^^-Ur + C [ dr 

Je+ Je- 

roo 

= C|A|^/2 / lE{r)r-'^/^r^^-^dr + C'n{E-) 

J\Af/d 

Apply Holder’s inequality with exponents 3 and | to obtain 

roo fOO r 

/ dr < ( / dr)^/^( / dr)^/^ 

d|A|i/d d|A|i/d Je 

= C\A\^/^ fi{Ef/^ 

where C < oo depends only on the dimension d. If fJ.{E) < |A| • \B\ we have shown that 

(3.5) [ ariA X B) dr < C\A\‘^/^fi{Ef/^ + C^{E) 

Je 

< C|A|^/3|5|1/3^^^)2/3 ^ (^(^)/|H| • ■ |A|^/2|^|1/2^^^^1/2^ 

□ 

Lemma 13.11 is a straightforward combination of Lemmas 13.31 and 13.41 □ 

Denote by the Lorentz spaces, as defined in [7j. The next result is a simple conse¬ 
quence of Lemma 13.11 


Corollary 3.5. For any dimension d > 1 there exists a constant C < oo such that for all 

f,g€L^{R<^), 

(3.6) ||P(/®d)ll <C||/|U2,4||ff||^2,4. 

The space jg strictly larger than so this strengthens the Lf ® Lf -A- Lf bound¬ 
edness of P. 


4. Compactness 

In this section we establish a preliminary, nonquantitative formulation of Theorem 11.11 
Although this formulation is entirely superseded by the final result, its proof is an essential 
part of the reasoning. 

Proposition 4.1. Let d > 1. For every e > 0 there exists d > 0 such that for any 

0Af,9€L^{R^), 

(4.1) 


||P(/® 5 )||>(l-d)||/|||| 5 || 


dist(/,6) < e||/||. 
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The proof involves a compactness argument and consequently yields no control over the 
dependence of 6 on e. 

The hypotheses are unchanged under interchange of / with g, so likewise dist {g, ©) < 
ell^ll- A stronger conclusion holds, and will be proved below: There exist a common element 
G € & and scalars a, 6 G C such that both ||/ — aG\\ < s\\f\\ and \\g — bG\\ < e||( 7 ||. 

Proposition 14.11 together with the second conclusion of Theorem 11.11 implies the first 
conclusion (jl.Sp ; the second conclusion (ll.Op will be proved in ^ and ^ 

An important property of the inequality ||P(/ <8) 5)11 < ||/||||5|| is its dilation-invariance. 
Thus if p G M"'' and /, 5 G then the dilated functions f{x) = f{px) and g{x) = g{px) 

satisfy 

.4 iin/<^g)ii ^ iin/^g)ii 

WfWM II/III 5 II ■ 

Lemma 4.2. Let d > 1. There exists a continuous function 0 : M'*' —>■ M'*' satisfying 
lim^^o ©(^) = 0 with the following property. For any 5 > 0, t G (0,1], and any f,g€ 
that satisfy ||P(/i 8 ) 5 )|| > (1 — ( 5 )||/|||| 5 ||, there exists p G such that the modified function 
f*{x) = p'^/'^ f{px) satisfies 


(4.3) 


[ \r{x)\^dx<G{t+5)\\rf 

(4.4) 


[ \nx)\^dx<e{t+5)\\rf 

(4.5) 


[ \rix)\^dx<e{t+s)\\rf 

(4.6) 


[ \nx)\^dx<eit+6)\\rf. 

J\x\<t 

Moreover, 

p'^/‘^g{px) 

the same conclusions hold with /, f* replaced by g, g* respectively, where g* (x) = 
with the same value of p as for f. 

Proof. We may assume throughout that 6 < 5o (d) where 5o (d) is positive but may be chosen 


as small as desired. By multiplying /, g independently by positive constants we may assume 
without loss of generality that ||/|| = || 5 || = 1. The existence of p for which the first two 
conclusions hold simultaneously for / and for g, follows from Lemma l3.ll via the reasoning 

in [3]. 

By dilation invariance of the inequality, we may replace / by f*{x) = p^^^f{px) and g 
by g*{x) = p^^‘^g{px) without affecting the hypotheses. Therefore p may be taken to equal 
1 henceforth. The fourth conclusion for / is now a simple consequence of the hrst. 

To obtain the third conclusion for / let A < 00 be a parameter to be chosen below and 
let 

A = {x : < |/(x)| < a} and A* = {x G A : |x| > t~^} ■ 

Decompose / = / 0+/1 where /i(x) = f{x)lj^d\j^. Then |/| < Alyi-|-|/i|. Further decompose 
/o = /oo + foi where /oi = fo^Af 
Likewise define 

B = {x : A“^ < | 5 (x)| < a} and = {x G B : |x| > , 

and decompose g = go + 9i where 51 (x) = 5 (x)lRdy 5 . Then I 5 I < \1b + | 5 i|. Likewise 
decompose go = 500 + 5oi where 501 = Wolfit- 
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The first two conclusions together imply that ||/i || + ll^fi || = (1). Therefore ||]P(/o® 

ffo)||>(l-^- 05 +t(l))||/o|||bo||. 

Moreover 

||P(/oi®<7o)f < ||P(AU«)AlB)f 

roo 

= }?0Jd / X B)"^ dr 

Jo 

/ OO 

ar{At X Bfr‘^‘^-^dr 

with the last line holding because {x,y) ^ AtX B ^\x\> l(^) 2 /)l > Therefore 

poo 

mfoi^9o)f / ar{AtxB)r^^-Ur 

Jo 

< A2(t‘='|^|)V2|^| . \B\. 

= X‘^t^/‘^\Af/‘^\B\. 

By Chebyshev’s inequality, |yl| < A^||/|p = A^ and likewise \B\ < A^. Therefore 

||P(/oi«><7o)f <CAV/2. 

Choose A = ^ obtain ||P(/oi Ci^o)!! < Likewise ||P(/oo C) 5 oi)|| < 

Therefore 

||P(/®5')II < ||P(/oo ® ffoo)|| + om(l)- 

The right-hand side in this last inequality is < ||/oo||||< 7 oo|| + 04 + 5 ( 1 ). By hypothesis, the 
left-hand side is > 1 — (5. Therefore 

||/oo|||boo|| > 1 - 04 + 5 ( 1 ). 

From this together with the identity 1 = ||/|p = ||/oo|P + ||/oi|P + ||/i|P and the inequality 
llffooll + llfl'II = 1) it follows that ||/oi|| = 04 + 5 ( 1 ). Since /oo is supported where |x| < t~^ 
and 11/ill = 04 + 5 ( 1 ), the third conclusion follows for /. The same reasoning applies to ^f. □ 

Define the Fourier transform by 
(4.7) m= [ e-2™-«/(x)dx. 

This is a bijective isometry on +^(1^*^). 

Lemma 4.3. For any f,g€ L‘^{W^), 

(4.8) {F{f^g))^=F{f^g) 

where the left-hand side is the Fourier transform ofF{f^g). Consequently 

(4.9) ||P(/®?)|| = ||P(/«)5)I|. 

Proof. F{fiS>g) is the unique function h € L^(M^+'^) of norm 1 that maximizes Re {{f^g, h)). 
This quantity is equal by Plancherel’s theorem to 

Re ((/ (g) g, h)) = Re ((/ (g g, h)). 

Since h is also radial and has norm 1 , 

Re((/<g?,h)) = Re((P(/( 8 ) 5 ),/i)) < ||/|| • H^H 
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Thus we have shown that ||P(/( 8 )g)|| < ||P(/( 8 ) 5 )||. The same reasoning gives the converse 
inequality, so 

||P(/®9)|| = ||P(/®?)||, 

and h is the closest radial function of norm 1 to / ( 8 ) S' if and only if h is the closest radial 
function of norm 1 to / 0 s- Thus (P(/ < 8 ) g))^ = P(/ ® s). □ 

Corollary 4.4. Let d > 1. There exists a continuous function 0 : M"*" —)■ M'*' satisfying 
hmt^o0(i) = 0 with the following property. For any (5 > 0 and any nonzero functions 
f,g G that satisfy ||P(/( 8 is)|| > (1 — <J)||/||||s||; there exists p G M"'' such that 

*/ f*{x) = P^^'^fipx) and g*{x) = p^/‘^g{px) then f* and g* satisfy the conclusions of 
Lemma \4-^ 

If ||P(/®S)II > (1 — ll/llllsll then f,g satisfy the conclusions of Lemma 14.21 for some 
p > 0, while f,g also satisfy these conclusions, with respect to some other p' G It is 
clear from the uncertainty principle, broadly construed, that the product pp' is bounded 
below by a constant that depends only on d and on the auxiliary function 0. The next 
step is to show that this product is necessarily bounded above. The following lemma will 
be used for this purpose. 

Lemma 4.5. For any d > 1 and any continuous function 0 : M'*' ^ satisfying 
limj^o+0(^) = 0 there exist (5o > 0 and C G [l,oo) with the following property. Let 
f G be a nonnegative function with positive norm which satisfies the conclusions of 

Lemma \4^ with p = 1, with 6 = 5o, and with this auxiliary function 0. Then 

( 4 . 10 ) [ \m\^dc>c-^\\ff 

( 4 . 11 ) [ \m\^dc<wf- 

To clarify the statement: The conclusions of Lemma 14.21 are stated in terms of f*{x) = 
x). The hypothesis of Lemma 14.51 is that if p is taken to equal 1 then f* satisfies 
the four inequalities stated as conclusions of that lemma. 

The first conclusion (j4.10p implies that the dilated function f i—>■ s^/"^ f{sff) cannot satisfy 
the conclusions of Lemma 14.21 with parameter s very large. The second conclusion (|4.1ip 
implies that s cannot be very snmall. Thus if p, p' are as discussed above and if we dilate 
so that p = 1 , then p' is bounded both above and below by finite positive constants which 
depend only on the dimension d and on a choice of an auxiliary function 0 satisfying the 
conclusions of Lemma 14.21 

Proof of Lemma\4^ To prove M.lOh consider the auxiliary function G{x) = As¬ 

sume without loss of generality that ||/|| = 1. Provided that 6 is sufficiently small, the 
nonnegativity of /, the lower bound ||/|| > 1 , and the upper bounds provided by the 
conclusions of Lemma 14.21 together provide a lower bound for f fG. But since G = G, 
f fG = f fG = f fG. Therefore f f(f) d^ > rj for some positive constant p which 

depends only on the dimension d. This easily implies (I4.10p since ||/|| < 1. 

To prove (14.111) let A G M"*" be large and consider 

I = II f{x)f{y)e--^^-y^"/^dxdy. 


(4.12) 
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The right-hand side is majorized by a constant, uniformly for all functions that satisfy ||/|| < 
1. If / is supported in any fixed bounded region then the right-hand side is 0(A“‘^/^||/|p) 
as A —)• oo. It follows readily that if / satisfies the conclusions of Lemma 14.21 with p = 1, 
and if II/II < 1, then the right-hand side of (14.121) is majorized by a function of A that tends 
to zero as A —>■ oo. Therefore the same goes for the left-hand side. Now 

[ i/(/)iv^"'^i^de>c [ \m?d^ 

J 4|«I>A-i/2 

with c > 0 independent of A, establishing (I4.11jl . □ 

This type of argument, exploiting nonnegativity, is made in greater detail in [ 6 ]. 

Let d > 1 and let <5 > 0. Let 0 : M'*' —>■ M"*" be a continuous function satisfying 
lim^^o 0(^) = 0. We say that a function / G with positive norm is (<5, 0)-normalized 

if /* = / satisfies the conclusions of Lemma 14.21 

Proposition 4.6. For each d > 1 there exist Jq > 0 and a continuous function 0 : 

satisfying Iim4^o0(i) = 0 with the following property. Let 6 G (0,5o]- 
f,gG have positive norms, and assume that f is nonnegative. Suppose that ||P(/( 8 > 

< 7)11 > (1 — '^)II/Illl5'll- Then there exists p G such that the functions f*{x) = p^^‘^f{px) 
and g*(x) = p^^'^g{px), and the Fourier transforms of f*,g*, are {5, Q)-normalized. 

Proof. Lemma 14.51 forces the parameter p in Corollary 14.41 to be comparable to 1 if / is 
(5-normalized for sufficiently small 5. □ 

The reasoning did not require an assumption that both functions /, g were nonnegative, 
because Lemma 14.21 savs that f,g are localized at a common scale, and likewise f,g are 
localized at a (second) common scale. Therefore once /, / are shown to be localized at a 
pair of scales p,p' satisfying pp' x 1 , the same follows for g. 

Corollary 4.7. Let d>l. For every e > 0 there exists d > 0 with the following property. 
If 0 7 ^ f ^ is nonnegative, if 0 ^ g € and */||P(/<8) 5)11 > (1 — <5) ||/|| ||5|| 

then 

(4.13) dist((/, 5 ), 6 '') < e||(/,5)ll- 

Proof. Suppose the contrary. Then there exists a sequence of pairs {fn,gn) of functions in 
L^(M'^) satisfying ||/„|| = || 5 „|| = 1 , ||P(/n C> 5 n)|| —> 1 , fn is nonnegative, and the distance 
dist ((/n, ffn), ) from (/n, 5 n) to the set 0^ of all {F,cF) with F G 0 and 0 c G C is 
bounded below by a positive quantity independent of n. 

By Proposition 14.61 there exist sequences of numbers Pn,dn G M"*" and an auxiliary func¬ 
tion 0 satisfying lim^^Q+ 0 (t) = 0 such that lim^^oo = 0 and the sequences of func¬ 
tions fn{x) = Pn"^ fn{Pnx) and 5 j)(x) = Pn"^ PniPrix) are (dn, 0)~normalized. Moreover, the 
Fourier transforms fn^dn ^iso (d^j 0)~rLormalized. By Rellich’s Lemma, the sequences 
(/* : n G N) and ( 5 * : n G N) are each precompact in L^(M‘^). Therefore there exists an 
increasing sequence of natural numbers such that the subsequences f*^ , 5 * ^ converge in 
norm to limits /oo, 5 oo € L‘^{W^), respectively. 

Now ll/ooll = lim^^oo ll/nll = Ihn^^oo ||/n|| = 1- Moreover, since P : L‘^{R‘^'^) L'^{R‘^'^) 

is a bounded linear operator, 

||P(/oo ® 5oo)|| = lim ||P(//® 5 f;)|| = lim ||P(/n < 8 ) 5n)|| = 1- 
n^oo n^oo 

Therefore (/oo, 5 oo) G 0^. In particular, /oo, 5 oo are radial complex Gaussians. This 
contradicts the assumption that the distance from fn to 0 does not tend to zero. □ 
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Since the functions /„ are nonnegative, /oo is necessarily close in norn to a positive 
Gaussian function in this argument. Therefore the conclusion can be rehned: There exists 
a positive Gaussian F such that ||/ — F\\ < e\\f\\. □ 

Lemma 4.8. For any functions f,g^ 

(4.14) ||P(|/|®|<7|)||>||P(/G)<7)||. 

Proof. If h € x is radial then so is \h\. 

II I/I G \g\ - |/i| II = II |/®5| - 1^1 II < \\f 

□ 

The next result is identical to Gorollarv 14.71 except that the restriction to nonnegative 
functions is removed. 

Corollary 4.9. Let d > 1. For every e > 0 there exists <5 > 0 with the following property. 
If 0 f,g G satisfy ||P(/G g()|| > (1 — 5)||/|| US'!! then there exists a radial complex 

Gaussian G such that \\f — G|| < e||/|| and \\g — cG\\ < e||( 7 ||, where c = 11(711/11/11. 

Proof. Let the pair {f,g) satisfy the hypotheses for some small 5 > 0, and assume without 
loss of generality that ||/|| = || 5 (|| = 1. By Lemma [4.81 the pair (|/|, |(7|) satishes the 
hypotheses, with the same parameter 6. Gorollarv 14.71 guarantees that there exists a positive 
Gaussian function F such that ||(|/|, |(7|) — (T,T)|| is small. By exploiting dilations we may 
reduce to the case in which F{x) = 

Express / = e®‘^|/| and g = e®'^| 5 (| where (p,if are Lebesgue measurable real-valued 
functions. Set / = e^'-^F and g = e^^F. Then \\{f,g) — {f,g)\\ is small, so ||P(/ ® 5 )|| is 
nearly equal to ||/||||(7|| and hence nearly equal to ||/||||5||. 

Let e > 0, (5 > 0. Choose R> 1 sufficiently large that dx dy < e. 

Suppose that ||P(/0 5 r)|| > (1 - 5)||/|| US'!! and ||(|/|,|5'|) - ('.^^,.^)|| < S. If 5 is sufficiently 
small then there exists a function h such that 

[[ |e4vW+V'(?/)]e-^(l*P+|(/P)/2 _ h{\{x,y)\)\‘^dxdy < 

JJ\(x,y)\<2R 

The same holds with any /^-dependent constant factor; this factor is chosen for the sake of 
convenience below. The same bound follows with h{t) = |h(t) | replaced by 

with £ replaced by 2e, for some real-valued measurable function 
By Chebyshev’s inequality, 

(4.15) \{z = {x,y) : |^| < 2R and |e4v^G)+V'G)-«(bl)] _ i| > £i/4}| < e-^£^/\ 

where | • | denotes Lebesgue measure. By choosing a typical value of y one concludes that 
there exists a real-valued measurable function (p dehned on such that 

(4.16) |{x gR^:\x\<R and < Ce-V/^. 

Indeed, this holds with 

p{\x?) = /((|a:p + \y\^Y^'^) - '0(y) 

for any typical value of y since | is small for nearly all x for 

typical y. By the same reasoning, is nearly equal in the same sense to for 

some real-valued measurable function if. 
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Thus for any rj > 0, 

(4.17) \{{s,t) G E+ X M+ : \{s,t))\ < and - 1| > 2e^/^}\ 

<Cr? 2 '^ + C7?-(2'^-i)e-V/2. 

Here | • | denotes Lebesgue measure on M x M, restricted to the quadrant x M'*'. Choosing 
r] to be an appropriate power of e~^£ yields an upper bound Ce~^^£^ for some c, C G M+. 

Proposition 8.2 of [3] is concerned with ordered triples of functions for which 

(p{s) + 'ip{t) — ^{s + t) is nearly zero for nearly all ordered pairs (s,t) in an interval. By 
applying this proposition with ^{t) = we conclude that there exists an affine function 

L such that 

(4.18) |{s G [0,i?V4] : > Ce^/^}| < Ce-"V. 

Replacing L by its real part does not worsen the approximation since (p is real-valued 
and hence is unimodular, so we may assume that L is real-valued. The favorable factor 
g-cR right-hand side makes it possible to overcome the power r'^~^ that appears in 

the polar coordinate expression for Lebesgue measure in to conclude that 

(4.19) \{x G : |x| < and > Ce^/^}\ < CeL 

Thus / is nearly equal to the Gaussian function G{x) = The same rea¬ 

soning applies to which is consequently nearly equal to a Gaussian function G(x) = 
g- 7 r|a;p/ 2 gii,(|a:p)^ ^ -g another real-Valued affine function. 

Now ||P(G (?) (5)11 is nearly equal to ||G||||(5|| since (G,(5) is nearly equal to (/, ( 7 ). Thus 

(|4_20) g4-f'(l*P)+h(hP)] pj. ^ 

where ~ denotes approximate equality in weighted norm with weight Ex¬ 
press L(|xp) = a'|xp -|- /3', L(|yp) = + ,5", and C(| 2 ;p) = a\z\^ + 13. By choosing a 

typical value of y and regarding both sides as functions of x we conclude that a' is approxi¬ 
mately equal to a. Reversing the roles of the variables proves that a" is also approximately 
equal to a, whence a', a” are approximately equal. □ 

This completes the proof of Proposition 14.11 

Remark 4.1. Young’s convolution inequality and the Hausdorff-Young inequality are 
strongly bound up with additive structure, and the analyses of near extremizers of each of 
these inequalities mM relied on information from additive combinatorics. Additive struc¬ 
ture apparently plays a less central role in the present work, but is the basis for the proof 
of Gorollarv 14.91 


5. Spectral analysis 

Dehne 

F{x) = 

for x G This function satishes ||E|| = 1. 

Dehne a bounded linear operator T : L^(R‘’*) by 


(5.1) 


Tf{x)= F{y)Fif(E)F)ix,y)dy. 


This operator is related to the projection P by the identity 

(5.2) (P(/0F),P(5®F)) = (T/,<7). 
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Indeed, 

(P(/ ® F), P (5 0 F)) = (P(/ 0 F), <7 ® F) 

= jj ® F){x,y)g{x)F{y) dx dy = J Tf{x)g{x)dx = {Tf,g). 


For any f,g& P(/ 0 ^r) = P( 5 r 0 /). Since (P(/ 0 F), P ((7 0 F)) is the complex 

conjugate of (P(g' 0 F), P(/ 0 F)), it follows from (15.211 that T is self-adjoint. 

Define TZ C to be the subspace consisting of all radial functions, which is the 

closure of the span of all functions where m G {0,1,2,...}. The range of T 

is contained in TZ. Indeed, if 5 G F^(R‘^) is orthogonal to all radial functions then (7 0 F is 
orthogonal to all radial functions in so 


(F/, g) = (P(/ 0 F), P (5 0 F)) = (P(/ 0 F), 0) = 0 

for all / G F^(R'^). Since T is self-adjoint, T vanishes identically on TZ^, as well. 

We require an understanding of the eigenvalues and eigenvectors of T. The relevant 
information is contained in the next result, together with the fact that T = 0 on F. 

Proposition 5.1. There exists an orthonormal basis for TZ consisting of eigenfunctions of 
T of the form 


(5.3) = qmi\xf)e : m = 0,1, 2,.. .| 

where qm is a polynomial of degree exactly m. The corresponding eigenvalues are 


(5.4) 


^d,m 


r(m -|- ^d) 
r(m -|- d) 


—04 /or m = 0 , 1 , 2 ,... . 

nhd) 


Throughout the analysis we represent elements of R'^ x R*^ as z = {x,y) where x,y G R'^. 
Let G{z) = so that G = F®F = P(F 0 F). Denote elements a G {0,1, 2,.. .j'^ by 

a = («!,..., Orf) and write |a| = J2j=i Oij- x'^ = W^j=i x ^^, and x"F indicates the function 
X !->■ x°‘F{x). 


Lemma 5.2. T{x°'F) = 0 for any a G {0, 1, 2,... \ {0,2,4,...}'^. For any a G 

{0, 2 ,4,... 1'^, there exists a polynomial Q : R'^ —>■ C 0 / degree exactly \a\/2 such that 


(5.5) r(x“F) = Q(|xp)F(x). 

Proof P(x“F 0 F) is the projection onto the radial subspace of x°‘F{x)F{y) = x°‘G{z). 
Clearly P(x"G(x, y)) is a scalar multiple of \z\^°‘^G{z). Moreover, P(x“F0F) = 0 if at least 
one component aj is odd, because the integral over of any function that is odd with 

respect to one or more coordinate variables must vanish. 

If a G {0, 2,4,... then x“ is a nonnegative function which does not vanish identically, so 
for any r G R^, J x“G(x, y) dar{x, y) = G(x, y) f x" dar{x, y) is strictly positive. Therefore 
P(x“G) = Cd,„|z|l“lG(z). 
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Continuing to assume that a € {0, 2,4,... set m = ||a|. Then 
I \z\^°‘^G{z)F{y)dy = [ F{y)\{x,y)\‘^^G{x,y) dy 

jRd, jRd 

Jr^. 

= 9r„(|x|2)e--N'/2 
= qm{\x\‘^)F{x) 

where ( 7 ^ : is a polynomial of degree exactly m. □ 


Proof of Proposition \5.1[ We have shown that 

(5.6) = Xd,m\x\‘^'^ plus a polynomial in |xp of lower degree, 


where \d,m 7 ^ 0 for each nonnegative integer m. The Gram-Schmidt procedure therefore 
constructs an orthonormal basis for F consisting of eigenfunctions of T of the indicated 
form. 

The corresponding eigenvalue Xd,m equals the coefficient of the highest power of |x|2™ in 
the polynomial /2). To compute this coefficient write 

(5.7) P((|x|2”^F) ® F){z) = 
where 

(5.8) 7m,d = [ da{x,y) 

where C is the unit sphere and a is surface measure on normalized so 

that (t(S' 2'^“^) = 1. Consequently 

r(|x|2™F)= [ e-^^y^"/^F{{\x\‘^^F)^F){x,y)dy 

jRd- 

JRd- 

= (7m,d / dylxp™ + 0(|x|2™-2))e-l"lV2 

JRd 

= (7m,d|x|2”^ + 0(|x|2™-2))e-l"l^/2 

where 0 (|x| 2 ”^“ 2 ^ denotes a polynomial in \x\^ of degree at most 2m — 2 as a polynomial 
in X. Thus Xm,d = 7m,d- 

Dehne ojn by the relation g{\z\) dz = ojn g{r)r'^~^ dr. One can compute jrn,d by 
writing 



POO 

e-<\^\^+\y\^)G\x\‘^^ dxdy = uj 2 dlm,d / r-^r 

Jo 

POO 

= ^^ 2 d 7 m,d(vr/ 2 )-‘'-™ / s"' ds 

Jo 

= ^a;2d7m,d(T/2)"‘^"™r(m + d). 
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The left-hand side can be alternatively be evaluated as 

jR'^+d Jmd- jRd 

= ^uJd{7r/2)~'^~2^T{m + \d) ■ \uJd{T^/2)~'^/‘^T{\d). 

Since 70,d = 1) the same calculation with m = 0 gives 1 = ^ 0 Jd{T^/2)~‘^/‘^T{d/2). Therefore 

_ 2-2a;2r(m + id)r(id) _ r(m + id)r(id) r(d) _r(m + id) r(d) 

“ 2-ia;2dr(m + d) “ r(m + d) f(p)2 “ r(m + d) ' r(id) ’ 


□ 


Lemma 5.3. If f,g & satisfy (/, i/’o) = (s'jV’o) = 0 and (/ + 5,V^i) = 0 then 

(5.9) \\Tff + 2Re{Tf,9) + \\Tgf < ^^\\{f,g)f. 

Proof For m G {0,1,2,...} let ipm be L^-normalized eigenfunctions of T with correspond¬ 
ing eigenvalues Xm,d discussed above, and ipo = F. 

For hxed dimension d, the eigenvalue 7m,d is a decreasing function of m. Indeed, 

7m+i,d _ rn + ^d 
lm,d m + d 

according to (15.41) and the functional equation of the Gamma function. The leading eigen¬ 
values are 


d/2 ^ 1-1-2^, d-|-2 

^0,d — M,d — —J-^0,d — 2’ -^2,d — — - rAXd — 


1 + d'^’'^ 4(d + l)' 


Decompose 


/ = ^ /("i)V'm + / and 9 = + g 


m=0 


m=0 


where f,gFIZ. It is given that /(O) = ^(0) = 0 and that 5(1) = —/(I). Then 


CX> _ 

{Tg, f) = {T{g - g), (/-/) = ^ Xra,dg{m)f{m) 

m=0 


and 

Wff = \\ff + '^\f{m)\‘^ and \\gf = \\gf + '^\g{m)\‘^- 


m 


m 
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Since /(I) = g{l) = 0 and /(I) + ^(1) = 0, 

CXD 

||r/|p + 2Re{Tf,g) + \\Tgf = ^ (Am,d(|/(m)p + |?(m)p + 2Re {f{m)g{m))'^ 

m=0 

oo 

d + 2 


m=2 


< 


< 


< 


' ' m=2 

2 ‘^dW) + I^MP) 

ll(/,5)f. 


m=2 

d + 2 „ , 2 


2((i + 1) 


□ 


6. Perturbation analysis 


For nonzero f,g € L^(]R'^) define 

( 6 . 1 ) <!>(/, 5 ) 


mf^gW 

WflW 


Continue to let F{x) = . 

Suppose that the ratio of the distance of (tt,u) to to the norm of {u,v) is small, and 
that the closest element of to (rt, u) is {F,F). Then the first variation at {r,s,t) = 0 of 
||u — ■+s ^||2 _j_ 11 ^ _ g *^||2 respect to {r,s,t) must vanish. Therefore {u,v) can be 

expressed in the form {u, v) = {F + f, F + g) where (/, g) is unique and satisfies 


{f,F) = {g,F) = {f + g, \x\^F)=0. 


Equivalently, 

(6.2) (/,^o) = = (/+ 5,, ^1) = 0. 

One has 


||P(uOu)||2 = \\F\\^ + 2Re{F{f(g)F),F(^F)+2Re{F{F0g),F(^F) 

+ 2Re (P(/ ( 8 ) S'), F O F) + 2 Re (P(/ O F), F g) 

+ {F{f (g F), P(/ ® F)) + (P(F 0 s), P(F ® g)) + 0(||(/, g)f) 


as IK/, 5)11 ^ 0. Observe that 

(P(/® F),F(8)F) = (/(8)F,P(F®F)) = (/0 F, F (g) F) = (/,F) • (F,F) =0 

and likewise {F{g ^ F), F (8)F) =0. Invoking the identity (P(/(g) F), F (g) s) = {Tf,g). and 
using the relations (/, F) = {g, F) = 0 we obtain 

||P(u® u)|K = 1 + 2Re(T/,s) + (T/,/) + {Tig), g) + 0^, g)f). 

On the other hand, 

iHnMp = i+ii/f+ii5f+o(ii(/,5)r) 
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since f,g-LF. Therefore 


U Q$IV) 




= 1 + 2 Re(r/, 5 ) + {TfJ) + {T{g),g) - \\if,g)f + Om,g)f). 


The inequality under investigation here has a useful group of symmetries. If Sr{f){x) = 
f{rx), then ¥{6r{f) < 8 ) Sr{g)) = Sr{¥{f 0 g)) where 6r acts on functions with domain 
on the left-hand side of the equation, and on functions with domain R'^ x R'^ on the right. 
Likewise if et{f){x) = for t G R then P(et(/) 0 et{g)) = et{¥{f 0 g)). Of course 

P(c'/ 0 c"g) = c'c"(P(/ 0 g)) for scalars c', c" € C. 

Proof of Theorem \l.l[ Let {u,v) G L^(R'^) x L^(R'^). Suppose that the closest element of 
the closed subspace of x to {u,v) is {F,F), and that the distance from {u,v) 
to {F,F) is much less than ||(u,u)||. The orthogonality relations ()6.2p are consequently 
satisfied by {f,g) = {u — F,v — F). Therefore 
|2 


u 0 u 


|m|PI|u|P 


= 1 + 2Re {Tf,g) + (TfJ) + {T{g),g) - \\{f,g)f + 0{\\{f,g)f) 
d + 2 


< 1 + 
< 1 - 

= 1 - 


2[d + 1 ) 
d 

2[d + 1 ) 
d 


\\{f,9W-\\if,gW + om,9W 

ll(/.9)ll" + 0(||(/,9)f) 


dist ((u, v), + 0 (dist ((u, v), ©^ ) 


X iS', 


2((i + 1) 

Consider next a general ordered pair (u,v) G L^(R'^) x L^(R'^) satisfying ||m|| = ||i;|| = 1, 
with the distance from (u,v) to ©^ sufficiently small. The closest point in ©^ to (u,v) 
may be expressed as {aT{F),bT{F)) where T is a norm-preserving element of the group 
of transformations of L^(R'^) generated by the et and and a ,6 G C. Therefore the 

closest element of ©^ to {u,v) = is {F,F). We have shown that 

||P(u 0 i;)|p ||P(-u 0 u)|p 


luiP lluiP 


lulpllulp 


< 1 - 

= 1 - 


d 


X \3\ 


2[d F 1 ) 
d 

2{d+l) 


dist {{u, v), ©^ y + 0 (dist {{u, v), © 


dist ((a 6 ©^ 0 (dist ((a 6 ^u),©^)'^) 


Now 


1 = \\uf = \a\‘^\\Ff + ||u - aT{F)f = |ap + ||u - aT{F)f, 

so |ap = 1 — ||u — aT(T)|p and consequently |a“^| = 1 -|-0(dist (u, u), ©^)^. Likewise 
| 6 “^| = 1-b 0(dist (u, u), ©^ )^. Therefore 

dist b~^v), ©^) = dist {{u, u), ©^) -b 0 (dist ((u, v), ©^ )^. 

Inserting these estimates into the above result gives 


(6.3) 


||P(tt 0 i;)|p 

llulpllulp 


= 1 - 


d 


2(d -b 1 ) 


dist ((u,u), <5^y + 0 (dist (u,u), © 


X ^3^ 


as was to be shown. 


□ 
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